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Collisional motion of inelastic rough spheres is analyzed on the basis of the kinetic
theory for flow of dense, slightly inelastic, slightly rough sphere with the consideration
of gas–solid interactions. The fluctuation kinetic energy of particles is introduced to
characterize the random motion of particles as a measure of the translational and
rotational velocities fluctuations. The kinetic energy transport equation is proposed
with the consideration of the redistribution of particle kinetic energy between the rota-
tional and translational modes and kinetic energy dissipation by collisions. The solid
pressure and viscosity are obtained in terms of the particle roughness and restitution
coefficient. The partition of the random-motion kinetic energy of inelastic rough par-
ticles between rotational and translational modes is shown to be strongly affected by
the particle restitution coefficient and roughness. Hydrodynamics of gas–solid bubbling
fluidized beds are numerically simulated on the basis of the kinetic theory for flow of
rough spheres. Computed profiles of particles are in agreement with the experimental
measurements in a bubbling fluidized bed. The effect of roughness on the distribution
of energy dissipation, kinetic energy, and viscosity of particles is analyzed. VVC 2011
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Introduction

Gas–solid fluidized beds operating in the bubbling regime
have been widely used in various fields of chemical engi-
neering and of the power industry due to the highest contact
efficiency between the phases, which leads to a higher con-
version and a better heat distribution. Therefore, the predic-
tion of fluidized bed dynamics has been an active area of
research. The numerical modeling of bubbling fluidized beds
presents particular difficulties due to the complex involved
in the system related to the particle–particle interactions.1

The Eulerian–Eulerian two-phase approach is used to simu-
late flow behavior in fluidized beds in the combination with

the kinetic theory of granular flow (KTGF). The KTGF
model is based on the analogy between particles and the
molecules of dense gases.2 The solid-phase stress results
from both translational motion and direct collisions of par-
ticles on the basis of Grad’s theory3 or a linear theory devel-
oped by Jenkins and Richman.4 These results were valid for
granular flows without an interstitial gas. Gidaspow5 general-
ized the KTGF to gas-particle flows. An important difference
is that collisions between molecules in the dense gas are
considered as elastic, whereas the particle collisions are
inelastic causing kinetic energy dissipating into heat. In the
original KTGF, particles are assumed to be slightly inelastic
and smooth spheres, and fluctuation energy dissipation only
comes from binary inelastic collisions. The approach uses a
one-equation model to describe the turbulent kinetic energy
of the particle, introduced with the concept of granular tem-
perature of particles, considering both dilute and dense cases.
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Many research groups have been involved in numerical sim-
ulations of hydrodynamics in fluidized beds with kinetic
granular theory, and encouraging results have been reported
in literature.6-23 The most significant application of KTGF to
fluidization is reviewed by Arastoopour24 and Gidaspow
et al.25 in the Flour-Daniel AIChE lecture.

The original KTGF models of Savage and Jeffrey,26 Lun
et al.,27 and Jenkins and Richman4 as well as the generalized
model of Gidaspow5 are derived for nearly elastic particles
(1.0 � e must be small, where e is the coefficient of restitu-
tion) in translational motion. In realistic situation, particle
surface cannot be perfectly smooth and particles are fric-
tional as well as inelastic. During a collision of rough par-
ticles, the fluctuation energy is dissipated from inelasticity and
frictions of particles. The frictional particle collision also
results in the particle rotation which gives additional loss of
the energy. As a result, particles can rotate with angular
velocity x under rapid rates of deformation. Jenkins and Man-
cini28 and Lun and Savage29 studies were the first comprehen-
sive investigations that consider rough, inelastic spherical par-
ticles. In the kinetic theory for flow of identical, slightly fric-
tional, inelastic spheres proposed by Lun30 and Jenkins and
Zhang,31 two granular temperatures are involved. The first
is the translational granular temperature ht, which measures
the energy associated with the translational velocity fluctua-
tions, defined as ht ¼hC2i/3, where C is the fluctuating
velocity of particles. The second is the rotational granular
temperature hr, which measures the energy associated with the
angular velocity fluctuations, defined as hr ¼ (1/3m)hI-2i,
where I is the moment of inertia, - is the angular velocity
fluctuation, and m is the mass of a particle. Collisional motion
of rough inelastic spheres was analyzed on the basis of the
kinetic Boltzmann-Enskog equation.32 The Chapman-Enskog
method for gas kinetic theory is modified to derive the Euler-
like hydrodynamic equations, possessing constant roughness
and inelasticity. Sun and Battaglia33 implemented a model
from kinetic theory for rapid flow of identical, slightly fric-
tional, nearly elastic spheres31 into the MFIX CFD code.34 In
this model, the conservation of rotational granular energy is
approximately satisfied by requiring that the net rate of energy
production for the angular velocity fluctuations is zero. The
influence of friction on the collisional transfer of momentum
and translational energy is negligible. Only the dissipation
rates for translational and rotational granular energy are influ-
enced by friction. They found that the model captures the
bubble dynamics and time-averaged bed behavior. Shuyan
et al.35 simulated flow behavior of particles in the bubbling
fluidized bed based on the kinetic theory for flow of dense,
slightly inelastic, slightly rough sphere proposed by Lun30 to
account for rough sphere binary collisions and the frictional
stress model proposed by Johnson et al.36 to consider the fric-
tional contact forces between particles. By setting the rota-
tional energy dissipation rate to zero in a steady, homogene-
ous shear flow, the ratio of the rotational granular temperature
to the translational granular temperature is correlated with the
roughness coefficient of particles. Thus, the kinetic theory for
slightly frictional, nearly elastic spheres is used to simulate
flow behavior of clusters in the riser.37 Simulated results show
that particle rotations reduce the cluster size and alter the par-
ticle flows and distributions through more particle fluctuation
energy dissipations.

In present work, a two-fluid model with the kinetic theory
for flow of dense, slightly inelastic, slightly rough sphere
proposed by Goldshtein and Shapiro32 is used to study the
flow behavior of gas and particles in a bubbling fluidized
bed. The particle average fluctuation kinetic energy is intro-
duced to govern the mechanism dominating kinetic energy
transformation in flow of particles. The conservation equa-
tion of fluctuating kinetic energy is proposed to take the
transfer of particle kinetic energy between the rotational and
translational degrees of freedom and also the energy losses
into account. The model of fluctuating kinetic energy of par-
ticles is incorporated into the two-fluid model. Distributions
of concentrations and velocities of gas and particles are pre-
dicted in the bubbling fluidized bed. Computed results are
compared with solids concentration and bed expansion ratios
measured by Taghipour et al.38

Kinetic Theory for Granular Flow of Rough
Sphere

Governing equations

The kinetic theory is aimed at deriving the appropriate
hydrodynamic equations governing granular flows.5 These
equations may be obtained on the basis of an appropriately
modified Boltzmann equation either by approximate methods
of gas kinetic theory4,27 or by a rigorous application of a
variant of the Champan-Enskog solution scheme.2 The latter
method has the advantage of yielding the right form of the
hydrodynamic equations and, simultaneously, establishing
their validity range. Considering an ensemble of identical
rough spherical particles with spherically symmetric mass
distribution, the chaotic translational and rotational motions
are assumed in an effectively infinite spatial domain. In a
collision between frictional spheres, the collisional impulse
has a tangential component and a normal component. The
change in the normal velocity is determined by the normal
restitution coefficient e, which can range from 0.0 to 1.0. An
e value of 0.0 indicates a complete loss of normal velocity,
whereas an e value of 1.0 indicates no loss of normal veloc-
ity. Changes in spin and in the tangential velocity depend on
the frictional properties of the surfaces. The frictional prop-
erties of the surface are characterized by the roughness b
(tangential restitution coefficient).30,31 A constant roughness
b was used to characterize the ratio of the tangential compo-
nent of the relative velocity of the point of contact after a
collision to its value before a collision. The value of this
constant coefficient b is assumed to be between �1.0 and
þ1.0. When b equals �1.0, the spheres are frictionless and
there is no change in the tangential component of the rela-
tive velocities. Increasing value of b represents the increas-
ing degrees of particle surface friction. When b equals þ1.0,
the tangential component of this velocity reverses completely
and the spheres are said to be perfectly rough. In fact, b is a
mixed approximate expression for both friction �1.0 \ b \
0 and tangential restitution 0\ b\ þ1.0.

For simplification, the following assumptions are made: (1)
Particles have a uniform size with the same density. (2) Sta-
tistical expectation values of the particle ensemble may be
expressed via the singlet distribution function f1 ¼ f(x, X, t)
where the variable X represents translational and angular
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velocities of particles (c and x). The pair correlations of
each two particles is expressed via the pair distribution func-
tion f(2) ¼ f(x1, X1, x2, X2, t). (3) The probabilities of triple
and multiple collisions are negligible. Based on the above
assumptions and using the technique used in the classical ki-
netic theory,2 the Boltzmann equation for the singlet distri-
bution function f with rotation is as follows5,30-32:

@f

@t
þ c � @f

@x
þ F � @f

@c
¼ r

4

ZZZ
½f ð2Þðx;X1; xþ dk;X2; tÞ

�f ð2Þðx;X1; x� dk;X2; tÞ�r2ðc21 � kÞd6X1d
6X2d

2k ð1Þ
where c is the instantaneous velocity of particles. r is the
diameter of a particle. F is the external force per unit of mass
acting on a sphere. d6Xi ¼ d3cid

3xi (i ¼ 1, 2). The right term
in Eq. 1 is the rate of change of the distribution function due to
particle collisions. Multiplying Eq. 1 by a function /(X) and
integrating over the whole velocity domain gives a transport
equation, as proposed by Chapman and Cowling.2 The
transport equation for the mean quantity, h/i, is

D
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where C is the fluctuation velocity, C ¼ u� c, u is the mean
velocity of particles. The collisional rate of change of / per
unit volume, Coll (/), is the integral, over all possible binary
collisions, of the change of / due to a binary collision
multiplied by the probability of such a collision5,30,32

Coll /ð Þ ¼ v /ð Þ � @

@xi
w /ð Þ (3)
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w /ð Þ ¼ � r
4

ZZZ
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where v(/) and w(/) can be identified as the volumetric
source term and the collisional transfer flux vector, respec-
tively. Formula (3a) describes the collisional rate of change of
/. For the model investigated here, this expression takes the
transfer of particle kinetic energy between their rotational and
translational degrees of freedom into account.

By taking / in Eq. 3 to be the velocity, the relationship
between the pre- and post-collisional velocities can be shown
to be

c01 � c1 ¼ �g2c12 � ðg1 � g2Þkðk � c12Þ þ
1

2
g2rk � ðx1 þ x2Þ

(4)

c02 � c2 ¼ g2c12 þ ðg1 � g2Þkðk � c12Þ �
1

2
g2rk � ðx1 þ x2Þ

(5)

x0
1 � x1 ¼ x0

2 � x2 ¼ � 2g2
rK

ðk � c12Þ

þ g2
K
ðk � ðx1 þ x2ÞÞk � g2

K
ðx1 þ x2Þ ð6Þ

where the definition of coefficients g1, g2, and K are given in
Table 1. The coefficient K is the nondimensional parameter of
moment of inertia. Parameter K can very in value from zero
when the mass is concentrated at the center of the sphere, to 2/3
when the mass is uniformly distributed over the surface of the
sphere. For the case of uniform solid sphere treated here K¼ 2/5.

The collision of particles is accompanied by kinetic
energy losses, associated with inelasticity of collisions and
surface friction. The effect of these losses is to increase the
particle internal energy. Therefore, a constant source of
energy is needed to sustain the collisions of fluidized par-
ticles. The kinetic theory involves two measures of the
strength of these fluctuations: the translational temperature
and the rotational temperature. The kinetic energy of random
motion of particles, E, consists of a translational kinetic
energy part and a rotational kinetic part. The mean transla-
tional fluctuation kinetic energy is mhC2i/2 ¼ 3mht/2, where
C is the fluctuating translational velocity of particles, and the
mean rotational fluctuation kinetic energy is Ih-2i/2 ¼ 3mhr/
2, where hi represents the ensemble average. The fluctuating
angular velocity of particles is - ¼ x� x0, where x0 is the
mean particle spin velocity. ht and hr are the translational
granular temperature and rotational granular temperature,
respectively. Thus, the particle fluctuation kinetic energy is2,32

eo ¼ E

m
¼ 1

3
C2 þ I-

3m

2
� �

¼ ðht þ hrÞ (7)

In contrast to the definition of fluctuation kinetic energy
by Goldshtain and Shapiro,32 the kinetic energy in Eq. 7
includes the translational and rotational contributions.

In Eqs. 3a and 3b, they include the pair distribution func-
tion f (2). Here, we used a closing relation for the singlet dis-
tribution function by invoking the generally accepted
assumption of molecular chaos by modifying to include the
equilibrium radial distribution function at contact go:

f ð2Þðxþ r k; c1;x1; x; c2;x2; tÞ
¼ gof1ðxþ r k; c1;x1; tÞf2ðx; c2;x2; tÞ ð8Þ

The radial distribution function is independent of particle
collisional properties.2 The first approximation for the singlet
distribution function f at the steady-state with no collisions
is the Maxwell Boltzmann distribution2,32

f ðr; c;x; tÞ ¼ nI3=2

p3ðatarÞ3=2e3o
exp �ðc� uÞ2

ateo
� x2I

mareo

" #
(9)

where n is the number density of particles. I is the moment of
inertia. For uniform spheres, I ¼ 0.1mr2. From Eq. 7, the
kinetic energy eo of particle random motion is expressed via
granular kinetic translational ht and rotational hr temperatures32:

ht ¼ 3

4
ateo and hr ¼ 3

4
areo (10)
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Table 1. Equations of Gas-Solid Flow in Fluidized Beds

(1) Continuity equations of gas and particles

@

@t
ðegqgÞ þ r � ðegqgugÞ ¼ 0 (T1-1)

@

@t
ðesqsÞ þ r � ðesqsusÞ ¼ 0 (T1-2)

(2) Conservation of momentum of gas and solids

@

@t
ðegqgugÞ þ r � ðegqgugugÞ ¼ �egrpþr � sg � bgsðug � usÞ þ egqgg (T1-3)

@

@t
ðesqsusÞ þ r � ðesqsususÞ ¼ �esrp�r � ðpsIÞ þ rss þ bgsðug � usÞ þ esqsg (T1-4)

(3) Kinetic energy equation of solids

3

2

@
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� �
¼ r � ðjsreoÞ þ ðrpsI þ ssÞ : rus � cs � Dgs � 3bgseo (T1-5)

(4) Constitutive relations
(a) Gas phase viscous stress tensor

sg ¼ lg½rug þ ðrugÞT � � 2

3
lgðr � ugÞI (T1-6)

(b) Stress tensor of solids

ss ¼ ls½rus þ ðrusÞT � þ nbðr � usÞI þ nsdij �r� us (T1-7)

(c) Solid pressure

ps ¼ 3

4
atesqseo þ

3

2
ate

2
sqsgoð1þ eÞeo (T1-8)
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3a
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a ¼ ð1� b2Þ 1� K

1þ K
� 1þ e2 and b ¼ 2K

1þ b
1þ e

� �2

(T1-9a)

(d) Shear viscosity of solids

ls ¼
2

5
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ffiffiffiffiffi
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(Continued)
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Table 1. (Continued)

(e) Bulk viscosity of solids

nb ¼
8

3
esgorqsg1

ffiffiffiffiffi
eo
p

r
es

ffiffiffiffiffiffiffiffi
3at
4

r
�

ffiffiffiffiffiffiffiffiffiffiffi
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(T1-13)

(f) Spin viscosity

ns ¼
192ð1þ bÞK
10pð1þ KÞ ldile

2
sgo (T1-14)

(g) Radial distribution function

go ¼ 1� es
es;max

� �1=3
" #�1

(T1-15)

(h) Thermal conductivity coefficient of solids

ks ¼ 3kdil
4g0P1

½atðP2 þP4Þ þ arðP3 þP5Þ� þ 9
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kdil
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kdil ¼ 5rqs
15

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3pate0

4

r
ð1þ KÞ2
6þ 13K

P1 ¼ 1

24
ð3a3a8 � 25a1a6Þ; P2 ¼ 1

15
ð6a5a8 þ 10a1a7esg0Þ; P3 ¼ 2

15
ð5a1a4 þ 3a2a8esg0Þ

P4 ¼ 1

25
ð5a5a6 þ a3a7esg0Þ; P5 ¼ 1

25
ða3a4 þ 5a2a6esg0Þ

a1 ¼ g22
K
; a2 ¼ 4a1ð2g1 � 1Þ; a3 ¼ 41ðg1 þ g2Þ � 33ðg1 þ g2Þ2 þ 50g1g2 �

7a1ar
at

a4 ¼ 3

2
þ a2esgo
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K
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(i) Translational fluctuation energy dissipation rate

cs ¼ �3e2sqsg0ateo
3

ffiffiffi
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(j) Fluctuating energy exchange from gas and solids

Dgs ¼ 2

ð3atÞ1:5
rqsffiffiffiffiffiffiffi
peo

p
go

18lg
r2qs

� �2

ug � us
�� ��2 (T1-19)

(k) Interphase momentum exchange

bgs ¼ ugsbjEþð1� ugsÞbjW (T1-20)

bjE¼ 150
e2slg
e2gr

2
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qges
egr

ug � us
�� �� eg � 0:8 (T1-21)

bjW¼
3Cdegesqg ug � us

�� ��
4r

e�2:65
g eg > 0:8 (T1-22)

ugs ¼ arctan½150� 1:75ð0:2� esÞ�
p
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Cd ¼
24
Re ð1þ 0:15Re0:687Þ Re � 1000

0:44 Re > 1000



Re ¼ regqg ug � us

�� ��=lg
(T1-23)
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where the parameters at and ar satisfy the following normal-
ization condition32

at þ ar ¼ 4

3
(11)

assuring the proper behavior of the energy partition in the
limiting cases e ¼ bj j ¼ 1.

Using Eq. 2 with / being particle mass m, linear momen-
tum (mu), and kinetic fluctuation energy (me0), one can be
obtained the conservation equations of mass, momentum,
and kinetic fluctuation energy for solids phase. Table 1 lists
the equations for flow of gas and solids phases used in pres-
ent simulations. The balance equations of mass and momen-
tum for solids phase are5

@

@t
ðesqsÞ þ r � ðesqsusÞ ¼ 0 (12)

@

@t
ðesqsusÞ þ r � ðesqsususÞ ¼ �esrp�rps þr � ss

þesqsgþ bðug � usÞ ð13Þ
where ps is the solid pressure and ss the stress tensor of
particles.

Using Eq. 2 with / being kinetic energy of random
motion eo, one can be obtained the following conservation
equation of solids fluctuating energy

3

2

@

@t
ðesqseoÞ þ r � ðesqseousÞ

� �
¼ r � ðjtreoÞ

þðrpsI þ ssÞ : rus � cs � Dgs � 3bgseo ð14Þ

The two terms on the left-hand side of Eq. 14 represent
the accumulation and convection of kinetic fluctuation
energy, respectively. In the right-hand side of Eq. 14, the
first-term describes the conductive transport of kinetic fluctu-
ation energy. The second-term models the production of
kinetic fluctuation energy due to irreversible deformation of
the solid phase velocity field. The third-term represents the
dissipation of the fluctuation energy due to inelastic particle–
particle collision and frictional interactions. The fourth-term
represents the exchange of the fluctuation energy due to
interphase momentum transport, and the last term represent-
ing the dissipation due to interaction with the fluid.

Note that using Eq. 10 the fluctuation kinetic energy
Eq. 14 is reduced to the equation of granular temperature of
particles used in the original KTGF.5 We see that the differ-
ence of conservation equations between present model and
the original KTGF is the equation of solids fluctuating
energy. Present model uses the fluctuation kinetic energy eo
to measure the energy associated with the translational and
rotational velocities fluctuations of particles in substitute of
the granular temperature h in the original KTGF. Thus, the
kinetic theory for rough spheres has the same structure as
that for frictionless spheres, i.e., only conservation of mass,
translational velocity and fluctuation kinetic energy need to
be considered. The modification to the gas–solid two-fluid
model is through the introduction of a coefficient of restitu-
tion and roughness that incorporate the additional dissipation

due to frictional interactions in the rate of dissipation of fluc-
tuation energy. The only equations that need to be modified
are the dissipation terms in the fluctuation energy equation
and the partial slip boundary condition for the flux of fluctu-
ation kinetic energy to the wall.

Constitutive equations based on the kinetic
theory for rough spheres

In accordance with the basic idea of the Chapman-Enskog
method, the singlet distribution function is represented as a
powers series in2,32:

f1 ¼ f
ð0Þ
1 þ f

ð1Þ
1 þ… (15)

where f(0) and f(1) are the zero- and first-order function. The
above implies the following normalization conditions imposed
on f1
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The distribution function f(0) is independent of spatial gra-
dients of the hydrodynamic properties. It has a form identi-
cal to that describing the spatially homogeneous state. From
the kinetic theory of gases, the distribution function f(0) may
be represented by the Maxwell-Boltzmann distribution func-
tion. For flow of rough inelastic particles, it is expressed by
Eq. 9. The present f(0) differs slightly from the equilibrium
distribution function used for the case of perfectly elastic
and perfectly rough spheres by Chapman and Cowling.2 In
that case, energy is conserved and there is equipartition of
the mean translational and rotational fluctuation kinetic ener-
gies. Here the different degrees of energy dissipation due to
particle inelasticity and surface friction are considered. As
shown in detail in Chapman and Cowling,2 the distribution
function f1

(1) appearing in Eq. 15 may be represented as a
linear combination of the gradients of the hydrodynamic
properties n, u, and e0

f
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where n is the number of particles per unit volume and Pc is
the collisional stress tensor of particles. A1

(1), B1
(1), C1

(1), D1
(1),

and E1
(1) are functions of the dimensionless velocities C/eo

1/2

and x(I/meo)
1/2. In addition, these coefficient functions depend

parametrically upon hydrodynamic properties and upon the
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mechanical and geometric properties of granules and the
interactions between them. The vector coefficients A1

(1), B1
(1),

C1
(1) contribute to the constitutive equation for the kinetic

energy flux. The tensor coefficient E(1) contributes to the
viscosity, and the scalar D(1) determines the bulk viscosity of
particles. In the two classical cases e ¼ bj j ¼ 1, the @ ln n=@x
and @ lnPc=@x terms are absent.2 The expressions of these
coefficient functions are proposed by Goldshtein et al.39 by
means of the Chapman-Enskog method over the entire range
of variation of the parameters characterizing the inelasticity
and roughness of particles.

From Eq. 15, the expression for the solids pressure tensor
pij is expanded

32:

pij ¼ p
ð0Þ
ij ðf ð0ÞÞ þ p

ð1Þ
ij ðf ð0ÞÞ þ p

ð1Þ
ij ðf ð1ÞÞ þ � � � � (20)

where pij
(0)(f (0)) in the right-hand sides of Eq. (20) is the zero-

order contribution to the stress tensor for the singlet
distribution function f. The second term appears due to
nonlocal effects arising from the first-order corrections to f,
and the third term is due to the local effects arising from the
first-order corrections to f. The kinetic part of the pressure
tensor pij

(0)(f (0)) do not depend upon the choice of the
collisional model. Similar to the Chapman-Enskog solution,2

the zero-order solution yields an isotropic stress tensor:

p
ð0Þ
ij ¼ 3

4
atesqse0dij (21)

where dij is the unit tensor. To evaluate the first-order
contribution to the deviatoric part of the solids pressure tensor,
the collisional contribution to the total stress tensor is
expressed30,32

p
ð1Þ
ij ¼ 3ate

2
sqsgog1eodij � 1:6lkesgo½2g1 þ 3g2�Sij

�ldil
1þ 1:6½g1ð3g1�2Þþ 0:5g2ð6g1�1�2g2� 2g2ar

Kat
Þ�esgo

go½ð2� g1 � g2Þðg1 þ g2Þ þ g2
2
ar

6Kat
�

8<
:

9=
;Sij

þ 192

5p
g2ldile

2
sgodij �r� us � 8

3
esgorqs

ffiffiffiffiffi
eo
p

r
es

ffiffiffiffiffiffiffiffi
3at
4

r"

� atp
g0

ffiffiffiffiffiffiffiffiffiffiffi
3

128
p

r
ðakt þ 2esgoð1þ eÞactÞ

#
g1r � usdij
�

þ 3

10
ð4g1 þ 3g2ÞSij� ð22Þ

where Sij is the strain rate tensor. ldil may be identified as the
shear viscosity for perfectly elastic and smooth spheres at
dilute concentrations2

ldil ¼
5rqs
15

ffiffiffiffiffiffiffiffiffiffiffiffiffi
3pate0

4

r
ð1þ KÞ2
6þ 13K

(23)

The solid pressure ps is composed of collisional and ki-
netic parts, and relates with kinetic energy and concentration
of particles

ps ¼ 3

4
atesqseo þ

3

2
ate

2
sqsgoð1þ eÞeo (24)
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where go is the equilibrium radial distribution function at contact,
which is independent of particle collisional properties. The first
term in Eq. 24 is the kinetic portion, and the second term is the
collisional part. We see that the effect of inelasticity of particle
collisions is to decrease the collisional transfer pressure part (with
respect to the case of elastic collisions) by the factor (1 þ e). In
addition, both inelasticity and roughness affect solid pressure via
the normal restitution coefficient and tangential restitution
coefficient. If b ¼ �1.0, the coefficient at is 4/3. While the
value of at is 2/3 when b ¼ 1.0 and e ¼ 1.0.

The solids shear-stress tensor contains shear and bulk vis-
cosities arising from particle momentum exchange due to
collision. The particle phase shear viscosity is given by the
sum of a collisional and a kinetic contribution, as shown in
the following equation:

ls ¼ ls;kin þ ls;col (26)
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The bulk viscosity of particles is
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where the coefficient akt and act are given in Table 1. The spin
viscosity is

ns ¼
192

5p
ldile

2
sgo

Kð1þ bÞ
1þ K

(30)

The energy flux includes the translational energy flux and
the rotational energy flux. In accordance with the basic idea
of the Chapman-Enskog method, the singlet distribution
function is expanded as a powers series expressed by Eq. 15.
The expressions for the energy flux qij is

32
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qij ¼ q
ð0Þ
ij ðf ð0ÞÞ þ q

ð1Þ
ij ðf ð0ÞÞ þ q

ð1Þ
ij ðf ð1ÞÞ þ � � � � (31)

where qij
(0)(f (0)) is the zero-order contribution to the energy

flux for the singlet distribution function f. The second term
appears due to nonlocal effects arising from the first-order
corrections to the distribution function f, and the third term is
due to the local effects arising from the first-order corrections
to the distribution function f. The kinetic part of the energy
flux qij

(0)(f (0)) does not depend upon the choice of the
collisional model. Similar to the Chapman-Enskog solution,2

the zero-order solution yields zero heat diffusion flux

q
ð0Þ
ij ¼ 0 (32)

Unlike the classical Chapman-Enskog solution, in the
present case of rough inelastic particles, the heat flux is
determined not only by the zero order function f (0) but also
by f (1). By using arguments of flux homogeneity, we can
obtain an equation for energy flux30,32
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where kdil may be identified as the thermal conductivity for
perfectly elastic and smooth spheres at dilute concentrations

kdil ¼ 25rqs
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3pate0

4

r
(34)

where the coefficient Pi (i ¼ 1, 5) is given in Table 1.
The rate of dissipation of fluctuation kinetic energy due to

particle collisions and frictional interactions is
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The rate of energy dissipation per unit volume resulting
from the transfer of gas phase fluctuations to the particle phase
fluctuations is predicted using Koch’s expression40 as follows
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ug � us
�� ��2 (36)

Numerical solution procedure

Flow behavior of particles in a bubbling fluidized bed is
modeled using the kinetic theory for dense, slightly inelastic,
slightly rough spheres. The governing equations are given in
the previous section. The simulations are carried out with
the computational fluid dynamics (CFD) code KTRS-FIX

(Kinetic Theory of Rough Spheres-Flow with Interphase
eXchanges). This code is based on the modified K-FIX CFD
code which previous used in the numerical simulations of
fluidized beds.10,41 The K-FIX code uses a staggered finite
difference mesh system.41,42 In the KTRS-FIX code, the fluctu-
ation kinetic energy eo is used to replace with the granular tem-
perature h in the K-FIX code. The numerical scheme used in
the KTRS-FIX code is the implicit continuous Eulerian
approach, and uses donor cell differencing. The conservation of
the momentum equations is in explicit form. The continuity
equations excluding mass generation are in implicit form. The
set of nonlinear equations is linearized using a modified version
of the SIMPLE algorithm using the void fraction and gas pres-
sure correction equations. The adaptive time step in the range of
0.00001–0.0005 is used. The time step automatically decreases
when the solution is changing more rapidly, and it increases when
fast transients subside in order to minimize computation time.

At the inlet, all velocities and volume fractions of gas and
particles are specified. The pressure boundary condition is
set as atmospheric on the top of the freeboard. At the outlet,
the pressure is set to be 1 atm.

At the wall, the gas tangential and normal velocities are
set to zero (no slip condition). The normal velocity of par-
ticles is also set at zero. The following boundary equations
are applied for the tangential velocity and kinetic energy of
particles at the wall43,44:
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where vw is the energy dissipation due to inelastic collisions
between particles and the wall. /sc is the specularity
coefficient. The value of the specularity coefficient ranges
from zero when collisions between particles and the wall are
specular, to unit when incident particles are scattered
diffusely. The value of the specularity coefficient of 0.5
suggested by Sinclair and Jackson45 is used in simulations.

Initially, there are no motions for both the gas and the
particles in the bed. The simulations start with the axial gas
velocity in the static bed height of umf/emf and umf in the
freeboard region of the bed at t ¼ 0, where umf is the mini-
mum fluidization velocity and emf is the volume fraction of
gas at minimum fluidization. The particle concentration in
the freeboard region is set to zero.

Numerical Results and Discussions

Comparison with the experiment of Taghipour et al.

To validate the current numerical model, two-dimensional
simulations are conducted in a bubbling fluidized bed. The
hydrodynamics of a two-dimensional gas–solid fluidized bed
were experimentally studied by Taghipour et al.38 Experi-
ments were conducted in a 2-D plexiglas column of 1.0 m
height, 0.28 m width, and 0.025 m thickness. Spherical glass
beads of 250–300 lm diameter and density 2500 kg/m3 were
fluidized with air at ambient conditions. The static bed
height was 0.4 m with a solids volume fraction of 0.6. Detail
descriptions of the experiments can be found in Taghipour
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et al.38 The parameters of particle–particle and particle–wall
interactions used in the present computations are given in
Table 2.

Sensitivity of computed bed pressure drop to the spatial
grid size is tested. The qualitative impact of the grid on the
distribution of simulated bed pressure drop is shown in
Figure 1. Three different grids are used, i.e., a coarse grid
(20 � 80), a medium grid (28 � 100), and a fine grid (42 �
150). In these trials, it is intended to determine a meshing
resolution beyond which the changes in the major parameters
are no more significant. Although it is always possible to
resolve the local flow parameters further by refining the grid
size, the time and/or space averaged operational parameters
are expected to remain almost unaffected once a sufficient
resolution is reached. Simulated bed pressure drops exhibit
the same trends at three different grids, the difference is,
however, obvious. The predicted bed pressure drop from
coarse grids is larger than that from finer grids. Prediction
from both medium grids and finer grids are close to each
other. Bubble size is one of the most important parameters
in evaluating the performance of bubbling fluidized beds as
it controls key characteristics such as bed expansion, solid
mixing, gas dispersion, and heat and mass transfer. In this
study, a bubble is defined as an area within which the voi-
dage exceeds a threshold value, specified here as eg ¼
0.8.9,16,46,47 Area of each bubble is measured by a commer-
cial software Image-Pro Plus.48 Equivalent bubble diameters

are calculated from the measured void areas, A, via Db ¼
(4A/p)0.5. The variations of averaged bubble size at three dif-
ferent grids are shown in Figure 1. The bubble diameters
calculated from the correlation proposed by Darton et al.49 is
also given in. The finer grid tends to predict smaller aver-
aged bubbles. The small differences in bubble diameters
between the medium grids and finer grids indicate acceptable
grid convergence. In other words, both medium grids and
finer grids resolve the motion of bubbles. Therefore, the
medium grid sizes are used throughout simulations to reduce
the computation times except otherwise stated.

The experimental time-average cross-sectional concentra-
tion of particles is compared with the simulation results in
Figure 2 at the superficial gas velocity of 0.46 m/s. Both
experimental and simulation results show that the concentra-
tion of particles is low in the center regime and increase to-
ward the walls. The concentration of particles is highest at the
walls. Simulations without the consideration of rotation on the
basis of the original KTGF are also given in. Simulated con-
centration of particles is lower using present model than that
by the original KTGF. The trends, however, are the same.
Simulated concentrations of particles are in agreement with
experimental data.38

The boundary condition proposed by Johnson and Jack-
son43 is used to simulate flow behavior of particles in the
bed. In the Johnson and Jackson boundary condition, the

Figure 1. Bed pressure drop and bubble diameters in
the bed.

Table 2. Parameters Used for Taghipour et al.38 and Simulations

Symbols Significance Experiments Simulations

r Particle diameter 250–300 lm 275.0 lm
qs Solid density 2500 kg/m3 2500 kg/m3

lg Gas viscosity 1.789 � 10�5 kg/ms 1.789 � 10�5 kg/ms
ug Gas velocity 0.38–0.46 m/s 0.38–0.55 m/s
umf Minimum fluidization velocity 0.065 m/s 0.065 m/s
E Restitution coefficient of particle–particle No 0.97
b tangential restitution coefficient No �0.5
ew Restitution coefficient of particle–wall No 0.9
/sc Specularity coefficient No 0.5
H Bed height 1.0 m 1.0 m
ho Initial bed height 0.4 m 0.4 m
D Bed diameter 28 mm 28 mm

Figure 2. Simulated and measured concentration of
particles.
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specularity coefficient /sc, characterizing the friction
between particles and wall, must be specified. Li et al.44

investigated the influence of the solid-phase wall boundary
condition on flow behavior of particles in numerical simula-
tions of a bubbling fluidized bed. They found that the specu-
larity coefficient impacts on the predicted flow hydrodynam-
ics in the bed. The predicted concentrations of particles for
two different specularity coefficients are given in Figure 2.
The predicted concentration is high near the walls and low
at the center regime of the bed for the specularity coefficient
of 0.1. The difference between two specularity coefficients is
obvious. However, the trends are the same.

Figure 3 shows the simulated axial velocity of particles at
the superficial gas velocity of 0.46 m/s. Both present model
and the original KTGF show the axial velocity of particles is
high in the center regime and low near the walls. The axial
velocity of particles is positive in the center regime, and it is
negative near the walls. This means particles flow upward in
the center and down-flow near the walls. The circulation of
particles is formed in the bed. The simulated axial velocity of
particles is larger using present model than that by the origi-
nal KTGF. Simulated results show that the predicted axial ve-
locity of particles for the specularity coefficient of 0.1 is
higher than that at the specularity coefficient of 0.5. The com-
parison reveals the difference predicted solids circulation pat-
terns between two different specularity coefficients. This sug-
gests that the specularity coefficient may depend on the solid
velocity in addition to the particle and wall properties.

The simulated solids concentration profile is compared
with experimental data in Figure 4 at the superficial gas ve-
locity of 0.38 m/s. Both simulations and experiments indi-
cate that the concentration of particles is low in the center
regime, and increases toward the walls. At x/D [ 0, the pre-
dicted concentration of particles is smaller than that from
measurements. Both simulations and measurements give the
same trends at x/D\ 0. From Figures 2 and 4, the increased
symmetry of the solid concentration profile is observed for
ug ¼ 0.46 m/s compared with ug ¼ 0.38 m/s. Roughly
speaking, the simulated concentration of particles is larger
from present model than that using the original KTGF. The
solid concentrations predicted by present model show rea-
sonable agreement with the experimental data. The simula-

tions between two different specularity coefficients is
obvious, when comparing with simulated concentration of
particles using the specularity coefficient of 0.5, simulations
predict results much more similar to the experimental data
with /sc ¼ 0.1.

The simulated and measured bed expansion ratio h/ho is
compared in Figure 5. Both simulations and experiments
demonstrate a consistent increase in bed expansion with su-
perficial gas velocity. Simulated bed expansion ratio using
present model is larger than that using the original KTGF.
Although the trends between present model and the original
KTGF are the same, the difference between models is
obvious. When comparing with predictions using the original
KTGF, the predicted bed expansion from present model
agree well with experiments. Simulations indicate that the pre-
dicted bed expansion ratios are seen to be somewhat sensitive
to the specularity coefficient. Overall, the bed expansion ratio
predicted by the specularity coefficient of 0.1 shows reasona-
ble agreement with the experimental data. Note that in the
Johnson and Jackson43 boundary condition, the specularity
coefficient, characterizing the friction between particles and
wall, must be specified. The comparison reveals significant

Figure 4. Profile of simulated and measured concentra-
tion of particles.

Figure 5. Simulated and measured bed expansion.

Figure 3. Simulated axial velocity of particles in the
bed.
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differences between the specularity coefficients used. There-
fore, further investigation is required in future.

Distribution of solids concentration and velocity

A time sequence of solids concentration is shown in Figure 6.
Each subfigure has a pair of frames, whereby the left frame
shows results from present model and the right frame shows
results from the original KTGF (without the friction of par-
ticles). Both models give the small bubbles develop near the
inlet and travel through the bed, forming larger bubbles by
coalescence. Simulations show that present model with b ¼
�0.5 predicts bigger bubbles and higher gas volume fractions
compared with the original KTGF without the friction of par-
ticles. The primary reason is that more energy dissipates due
to the increase of roughness and particle velocities decrease
after impact, leading to a more closely spaced particle ensem-
ble and thus higher porosity. A consequence is that gas–solid
interactions exert higher drag forces on particles and cause
the particles to move vigorously. Thus, the predictions from
present model with the consideration of the friction of par-
ticles give a high bubble intensity in the bed.

The instantaneous and time-average local concentrations
of particles are analyzed to provide a more detailed look at

the bed hydrodynamics. Figure 7 shows an instantaneous
local solids concentration fluctuation. The low concentration
of particles means a high porosity. The high instantaneous
porosity clearly shows the passing of bubbles. A more rapid
and irregular development of bubble coalescence is
observed, forming very large bubbles. At the bed surface,
the high oscillation of concentration of particles is due to the
bursting of bubbles. The peaks represented in Figure 7
appear to reflect a bubble frequency.

Figure 8 shows the distribution of concentration of par-
ticles at three different bed heights. The profile of time-
averaged concentration of particles is not uniform in the bed.
The low solids concentration is found in the center regime
because the bursting of bubbles is demonstrated with the
decreasing concentrations in the center of the bed. Predic-
tions of solids concentration are low at the bed surface since
there are larger bubbles is formed. The solid concentrations
near the walls are always higher than in other regions of the
fluidized bed and close to the maximum packing. Figure 9
shows the profile of axial velocities of gas phase and par-
ticles at three different heights. Simulated velocities of gas
phase and particles are high in the center regime and low
near the walls. The negative value of solid velocity indicates
particles flow down near the walls. Thus, the circulation of
particles is existed in the bed.

Figure 7. Simulated instantaneous concentrations of
particles.

Figure 8. Simulated solids concentration at three
positions.

Figure 6. Instantaneous solids concentrations predicted by present model (b 5 20.5) and original KTGF.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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With the continuous introduction of gas from the bottom
of the bed, continuously bubbles are formed, which propa-
gate through the fluidized bed. Figure 10 shows the concen-
tration of particles profile predicted by present model and
the original KTGF as a function of bed height. These find-
ings are consistent with the simulations by Boemer et al.,50

who calculated the time-averaged porosity distribution with
different approaches of the KTGF. The solid concentrations
are always higher in the bed than that at the bed surface.

Figure 11 shows the profile of translational and rotational
granular temperature in the bed as a function of concentra-
tion of particles. Both the translational granular temperature
and the rotational granular temperature increase, reach maxi-
mum, and then decrease with the increase of concentration
of particles. The mean translational granular temperatures
and rotational granular temperature, ht;av ¼

PN
i¼1 ht;i=N and

hr;av ¼
PN

i¼1 hr;i=N where N is the total cell number, are
0.00786 (m/s)2 and 0.000656 (m/s)2, respectively. The ratio
of the rotational granular temperature to the translational
granular temperature is 8.5%. This indicates that the transla-
tional granular temperature is on average one-order of mag-
nitude larger than the rotational granular temperature in the
bed. The simulated granular temperature from the original

KTGF is also given in Figure 11. The predicted granular
temperature has the same trends as the translational granular
temperature. The computed mean value of granular tempera-
ture from the original KTGF is 0.00717 (m/s)2. This value is
close to the computed mean translational granular tempera-
ture from present model. Recently, the fluctuation velocities
and granular temperatures of paired Polyformaldehyde
(POM) particles were measured by Chung et al.51 by means
of a particle tracking velocimetry (PTV) technique in a
vibrated bed. The study has demonstrated the average rota-
tional granular temperature constitutes � 5.4% of the aver-
age total granular temperature. It can be expected that the
particle rotation in a spherical particulate system should be
much greater than that in a nonspherical particulate system.
Present simulations and experimental data51 show that the
particle rotation can play a significant role in a vibrated
granular bed and fluidized bed.

Effects of roughness coefficients of particles

Particle roughness generally increases the number of
degrees of freedom participating in the energy exchange pro-
cess. Therefore, this property causes retardation of the relax-
ation process on the one hand, and accelerates energy dissi-
pation on the other. Figure 12 shows the distribution of par-
tition coefficient at as a function of roughness and normal
restitution coefficient. The partition coefficient increases,
reaches a maximum, and then decreases with the increase of
roughness. The nonmonotonic character of the b-dependence
of partition coefficient at may be explained by the following
qualitative considerations. The translational kinetic energy
loss in a particle collision is independent of b. However, the
rotational kinetic energy loss is proportional to (1 � b2), and
hence increases with b increasing from �1 to 0.0. In the
limiting case of absolutely smooth spheres, b ¼ �1.0, there
is no kinetic energy exchange between the translational and
rotational degrees of freedom. Therefore, with increasing b
from �1 to 0.0, the rotational kinetic energy loss decreases
and the translational kinetic energy loss increases in

Figure 10. Simulated solids concentrations along bed
height.

Figure 11. Profile of granular temperature as a function
of concentrations.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 9. Profile of axial velocity of gas and particles.
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accordance with the trend observed in Figure 12. With b fur-
ther increasing from 0, the rotational kinetic energy loss
decreases. However, the kinetic energy exchanged between
the rotational and translational modes increases, which leads
to a more equal partition of the kinetic energy. These two
competitive tendencies result in a b-dependence of coeffi-
cient. The effect of increasing particle inelasticity (1 � e) is
to increase the kinetic energy. As a result, the granular tem-
perature is redistributed in favor of the rotational modes.

From Figure 12, we see that the partition coefficient at
reaches a maximum with the change of roughness coefficient
at the given coefficient of restitution. The maximum value of
b is given in a curve A (bm). In B regime where b\ bm, the
coefficient at increases with the decrease of roughness.
Although it is reverse in the C regime with b [ bm. For a
flow of gas–particle system, the coefficient at must decrease
with decreasing roughness coefficient. Thus, in further treat-
ment we will consider only the range of parameter b [ bm,
where the present hydrodynamic solution exists and pos-
sesses physical significance.

Figure 13 shows a profile of concentration and axial ve-
locity of particles at three different roughness coefficients.
Simulations indicate the solid concentration is low in the
center regime, and high near the walls. The axial velocity of
particles is positive in the center and negative near the walls.
The difference is obvious with the change of roughness coef-
ficients. Roughly speaking, the axial velocity of particles is
increased and the concentration of particles is decreased
with the roughness coefficient from �0.7 to þ0.5. These
means with the change of roughness coefficient from �0.7
to þ0.5, the fluidized bed height is increased because of the
reducing concentration of particles in the bed.

Figure 14 shows the profile of fluctuation kinetic energy
of particles as a function of solids concentration. The kinetic
energy of random motion contributes from the translational
and rotational motion of particles. Simulations show that the
fluctuation kinetic energy e0 increases, reaches maxima, and
then decreases with the increase of solids concentrations. For
the solids concentration less than 0.1, the mean value of fluc-
tuating kinetic energy eo;av ¼

PN
i¼1 eo;i=N is calculated, where

N is the total cell number when the concentration of particles
in the cell is less than 0.1. We found that in the low solids
concentration the averaged fluctuating kinetic energy of par-
ticles increase with the increase of roughness. In the dilute
flow without particle collisions, the mass, momentum, and
energy equations of particles from Eqs. 12–14 are

Des
Dt

¼ �es
@us
@xi

(39)

Dus
Dt

¼ � 1

esqs

@p

@xi
(40)

3

2
esqs

Deo
Dt

¼ � 3

4
atesqseo

@us
@xi

(41)

Combination of the energy conservation equation (Eq. 41)
with the conservation of the mass equation (Eq. 39), gives

Figure 13. Profile of axial velocity and concentration of
particles.

Figure 14. Distribution of kinetic energy of particles as
a function of concentrations.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 12. Dependence of partition coefficient upon
roughness.
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Deo
Dt

¼ � at
2es

Des
Dt

(42)

This equation shows that the fluctuation kinetic energy e0
is proportional to the at/2 power of the solids concentration,
as shown below

eo / eat=2s (43)

From Figure 14, we see that the coefficient at decreases
with the increase of roughness. Therefore, the fluctuation
kinetic energy eo increases with the increase of roughness.

Figure 15 shows the profile of solid pressure as a function
of concentration of particles. For three different values of
roughness, the solid pressure increases with the increase of
solids concentrations. The solids pressure includes the kinetic
part and collisional portion. The kinetic part is linearly propor-
tional to solids concentration, while the collisional part is pro-
portional to the square power of solids concentrations. Thus,
the solid pressure increases with the increase of concentration
of particles.

Figure 16 shows the profile of solid viscosity as a function
of solid concentration. Roughly speaking, at the low concentra-
tion of particles the solid viscosity is deceased with the increase
of solid concentrations. Although at the high concentration of
particles, the solid viscosity increases with the increase of solid
concentrations. At the very low solid concentrations, the solid
viscosity is increased with the decrease of concentration of par-
ticles due to the increase of the fluctuation kinetic energy e0 in
Figure 14. The computed mean solid viscosity decreases with
the increase of roughness in the bed.

Figure 17 shows the profile of kinetic energy dissipation
as a function of concentration of particles. Simulations show
that the kinetic energy dissipation increases with the increase
of solid concentrations. From Eq. 35, the first term includes
the collisional rate of translational kinetic energy interchange
and the collisional rate of rotational kinetic energy inter-

change. It incorporates not only the energy dissipation from
inelasticity and surface friction associated with coefficient e
and b but also the possible exchange between the transla-
tional and rotational kinetic energies. When particles are
almost smooth (b close to �1) or almost absolutely rough
(b close to 1) the kinetic energy losses due to interparticle
friction are small. Accordingly, for these particles all energy
losses are associated with the inelasticity of collisions. How-
ever, at intermediate values of the roughness (b close to 0)
the frictional part of the collisional energy losses is large
because of the rotational motion. This is clearly attributed to
the kinetic energy losses associated with the translational
motion, which losses combine with those arising from parti-
cle friction. The second term in Eq. 35 relates to the velocity
divergence. This new contribution is not obtained in the
original KTGF. The effect of this term is seen to diminish

Figure 15. Profile of solid pressure as a function of
concentrations.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 16. Profile of shear viscosity as a function of
concentrations.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

Figure 17. Profile of energy dissipation as a function of
concentrations.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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e0. This term represents additional energy losses arising
from compression of granular media. This term consists of
two parts respectively proportional to the kinetic and the col-
lisional solids pressures. For flow of dense particles, the lat-
ter part is important for particles undergoing inelastic colli-
sions. With increasing concentration of particles, the inten-
sity of this term increases owing to increasing collisional
losses. Therefore, the kinetic energy dissipation increases
with the increase of concentration of particles in the bed.

Conclusions

A gas–solid two-fluid model is proposed using a kinetic
theory for rapid granular flow of slightly frictional spheres. The
kinetic theory for rough spheres is through the introduction of
fluctuation kinetic energy associated with fluctuations in both
translational velocity and spin. Present approach uses a one
equation model to describe the fluctuation kinetic energy of the
particle through the introduction of a coefficient of restitution
and roughness, considering both dilute and dense cases. Simu-
lations using present model and the original KTGF are per-
formed to study flow behavior of gas and particles in a 2-D
bubbling fluidized bed. Results are compared with experimental
results in the bubbling fluidized bed. An agreement is achieved
by using present model with the consideration of particle rota-
tion where kinetic theory is applicable.

Simulated results show that the computed mean particle vis-
cosity and energy dissipation of particles exhibit nonmonotonic
roughness-dependences. Present simulations indicate that the
average rotational kinetic energy constitutes �8.5% of the
translational kinetic energy in the bed. Both numerical simula-
tions and theoretical analysis show that at the low solid concen-
trations the fluctuation kinetic energy of particles increases with
the increase of roughness. Preliminary results indicate that par-
ticle rotation is an important microscopic physics to be incorpo-
rated into the fundamental hydrodynamic model.

Present model is easily generalized to include the depend-
ence of particle roughness and inelasticity upon collisions of
particles. As far as the restitution coefficient and roughness
are concerned, their values affect the results significantly in
numerical simulations. For further model development, the
model is validated by comparing its predictions to experi-
ments in bubbling gas-fluidized beds which will be of inter-
est for further investigation. The authors also recognize that
the two-dimensional domain reduces the rotation effect.
Therefore, particle rotation in a three-dimensional simulation
will be addressed in future studies.
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Notation
a ¼ constant
c ¼ instantaneous velocity of particles (m/s)

A1 ¼ vector coefficient
B1 ¼ vector coefficient
C ¼ fluctuation velocity of particles (m/s)
C1 ¼ vector coefficient
Cd ¼ drag coefficient
D ¼ bed diameter (m)

D1 ¼ scalar coefficient
Dgs ¼ rate of energy dissipation (kg/ms3)
e ¼ coefficient of normal restitution
eo ¼ fluctuation kinetic energy (m/s)2

ew ¼ wall-particle restitution coefficient
E ¼ kinetic energy of random motion (kg m2/s2)
E1 ¼ tensor coefficient
f ¼ single particle distribution function (s3/m6)

f(2) ¼ pair distribution function (s6/m12)
F ¼ external force acting on a particle per mass unit (N/kg)
g ¼ gravitational acceleration (m/s2)
g0 ¼ radial distribution function
ho ¼ height (m)
I ¼ unit tensor
ks ¼ granular conductivity (kg/ms)
k ¼ particle collision unit vector
K ¼ nondimensional moment of inertia
m ¼ mass of particle (kg)
n ¼ number of particles per unit volume (1/m3)
p ¼ fluid pressure (Pa)
ps ¼ solid pressure (Pa)
Re ¼ Reynolds number
t ¼ time (s)

u, v ¼ velocity components (m/s)
ug ¼ superficial gas velocity (m/s)
umf ¼ minimum fluidized velocity (m/s)
Yus ¼ particle velocity (m/s)

z ¼ bed height (m)

Greek letters

r ¼ particle diameter (m)
b ¼ tangential restitution coefficient

bgs ¼ fluid-particle drag force coefficient (kg/m3 s)
cc ¼ energy dissipation rate of translational fluctuation (kg/m s3)
eg ¼ voidage or porosity
es ¼ solid volume fraction

es,max ¼ maximum solid packing
ht ¼ translational granular temperature (m2/s2)
hr ¼ rotational granular temperature (m2/s2)
lg ¼ gas viscosity (kg/ms)
ls ¼ particle viscosity (kg/ms)
nb ¼ bulk viscosity (kg/ms)
ns ¼ spin viscosity (kg/ms)
qg ¼ gas density (kg/m3)
qs ¼ particle density (kg/m3)
s ¼ stress tensor (Pa)
v ¼ source term for collisional rate
dij ¼ Kronecker’s symbol transported property
x ¼ particle angular velocity
- ¼ fluctuating angular velocity
at ¼ dimensionless coefficient
ar ¼ dimensionless coefficient
P ¼ coefficient
/sc ¼ specularity coefficient

Subscripts

g ¼ gas
l ¼ laminar flow
n ¼ normal direction
w ¼ wall
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